Abstract
Introduction
The current work focuses on beams with discrete lateral restraints.
28
The classical result for the critical lateral-torsional buckling moment of a beam simply-supported Timoshenko & Gere (1961) , is:
32
where the material properties E and G are the Young's modulus and elastic shear modulus, 33 respectively, of steel; the cross-sectional properties I z , I w and I t are the minor-axis second moment 34 of area, the warping stiffness and the St. Venant's torsional constant, respectively.
35 Flint (1951) was the first to examine analytically the beneficial effect of providing beams with 36 lateral restraints, making use of variational methods to derive expressions for the critical moment by Nethercot & Rockey (1971) and Mutton & Trahair (1973) , circumvented such assumptions, providing more accurate results for the critical moment and the required brace stiffness. Trahair & Nethercot (1984) presented specific results for beam-columns with continuous restraint 48 and outlined how the stiffness matrix could be adapted for discrete braces. The critical moment 49 of a beam with multiple discrete rigid (infinitely stiff) lateral braces was provided; for elastic 50 restraints, the work of Medland (1980) was referenced, but no explicit expressions were given.
51
Trahair (1993) suggested to represent the system of braces as an equivalent continuous restraint 52 of stiffness, a procedure referred to currently as smearing; this is also shown in the current work 53 to lead to erroneous predictions.
54
Yura (2001) confirmed that compression flange braces are the most efficient and that when web 55 distortion was accounted for, there was a loss of efficiency for braces positioned at the shear center.
56
It is assumed in the current work that webs are adequately stiffened at bracing nodes.
57
Thus, it is the aim of the current work to determine key features of a laterally-braced beam system 58 by analytical, rather than numerical, means, for an arbitrary number of restraints positioned at 59 an arbitrary height above the shear center. An expression for the total potential energy, V , of the system is obtained by modifying that
71
of Pi et al. (1992) , which is linearized by assuming small deflections, to include the strain energy 72 stored in the restraints and also to include the effects of an initial lateral imperfection e by applying 73 the concept of a strain-relieved initial configuration of Thompson & Hunt (1984) . The resulting 74 expression, with primes denoting differentiation with respect to the longitudinal coordinate x, is:
76 where X i is the extension of the ith restraint located at x = iL/(n b + 1) and:
78
3 Single harmonic representation 
Potential energy

80
As a simplistic assumption of the buckled shape of a beam, the displacement functions u and φ 81 are defined thus:
83
where u n and φ n are the maximum amplitudes of u and φ, respectively and are the generalized 84 coordinates of the system; in the current section, only critical equilibrium is of interest and so the 85 form of the imperfection may be ignored. Harmonic numbers n where n mod (n b + 1) = 0, are termed node-displacing harmonics. Owing to 88 the orthogonality of the sine function, upon integration, V reduces to:
since periodic functions in the restraint energy term outside the integral are replaced by:
94 a relationship that can be proven using difference calculus (McCann, 2012) . 
Internodal harmonics
96
For n mod (n b +1) = 0, termed internodal harmonics, the restraint spacing s is an integer multiple 97 of the wavelength of the harmonic displacement function and thus there is no displacement of the 98 restraint nodes. This, in turn, implies that there is no strain energy stored in the restraints. The 99 associated total potential energy, V i , reduces to: 
Linear eigenvalue analysis
102
The critical moment of the system is found by solving det (H) = 0 for M , where H is the Hessian 103 matrix of the system, i.e. the matrix of second derivatives of V (or V i for internodal harmonics)
104
with respect to the generalized coordinates; it is assumed for the linear eigenvalue analysis that 105 e = 0. For internodal harmonic numbers of the form q(n b +1), the nondimensional critical moment 106 is:
108
where i.e. when the harmonic number n = n b + 1:
114
For node-displacing harmonics, the nondimensional critical moment, found by solving det(H) = 0 for the expression of V in Equation (5), is given by: node-displacing to internodal buckling occurs is necessarily equal to n b . The nondimensional 128 threshold stiffness γ T,n corresponding to the nth node-displacing mode is found by equatingM cr,n 129 withM T and solving for γ:
131
In a manner analogous to obtaining the critical buckling mode for a given restraint stiffness,
132
by identifying the mode with the smallest corresponding critical moment, the mode at which the 133 buckling behavior changes from node-displacing to internodal is that with the largest corresponding 134 threshold stiffness, i.e. the maximum value of γ T,n . Solving dγ T,n /dn = 0 for n shows that 135 n T < n b + 1; in fact, the maximum value of the γ T,n function can be shown to be located at McCann, 2012) . Depending on the combination of beam geometry and restraint 137 position, the actual maximum value can be somewhat lower than this. Since the actual value of n T 138 must be an integer, for n b 3, n T = n b ; however, for n b 4, n T < n b and there is mode-skipping 139 since a full sequential progression of critical modes from n = 1 to n b cannot be predicted when 140 representing the displacement functions as single harmonics (see Figure 3 ). The implication of this is that there does not exist a general rule for determining the node-displacing mode at which 142 the switch to internodal buckling occurs; instead, different values of n must be trialled to ensure 143 that the correct mode, and consequently the correct threshold stiffness, is determined. The displacement functions, u and φ, and the initial lateral imperfection, e, are now modelled as
147
Fourier sine series. Any arbitrary initial imperfection can be specified by setting the values of e n 148 appropriately. The coefficients of the cosine terms are set equal to zero to satisfy the boundary 149 conditions of zero displacement and zero twist at the supports:
155
Upon substitution of each series into Equation (2), the total potential energy of the system is 156
given by: with numbers n and m that obey (n ± m) mod 2(n b + 1) = 0, while all other terms vanish, since:
167 a relationship that can be proven using difference calculus (McCann, 2012) . Thus, the following 168 potential energy functional is obtained:
172
The sign operator function,
set H n is the set of harmonic numbers m that interact in the manner described above with n, or to note is that the elements of each of these sets are uniquely their own, i.e.
Since the coordinates separate into distinct sets, the linear system of equations represented by For the mth node-displacing mode, a system of linear equilibrium equations in u n and φ n is con-186 structed from ∂V /∂u n = 0 and ∂V /∂φ n = 0; of course, since only one particular mode is being 187 considered, not all harmonics are involved and so a wave number w i,j is defined whereby, if the 188 elements of H i are ordered by increasing magnitude, then w i,j is the jth element of H i . Simulta-189 neous solution of the system of equations for all values of u wm,n and φ wm,n leads to the following 190 closed-form expressions for the harmonic amplitudes in terms of the imperfection amplitudes:
194 where: and noting that the restraints are linearly elastic, F i = KX i , the ratio F I /P is obtained:
209
If the mth mode is isolated, it can be seen that the deflected positions of the restraint nodes the theory does not predict any pre-buckling deflections, and likewise for the internodal modes.
214
The expression for the restraint force ratio F i /P becomes: 
Critical moment
An implicit load-deflection relationship can be inferred from Equations (18) asymptote is found by setting the common denominator of Equations (18) and (19) equal to zero:
225
where S s,2 = (n b + 1) 4 S 2 and γ s = γ/(n b + 1) 3 ; the lowest positive solution forM of Equation
226
(27) is the critical moment for the mth node-displacing mode. An equivalent finite-termed form 227 of the infinite series S s,2 is given by:
233 the derivation of which can be found in McCann (2012) , where:
245
The moment factor µ = M/M T is introduced here. The nondimensional threshold stiffness relating 246 to the mth non-displacing mode γ s,T,m is found by setting µ = 1 and solving Equation (27) for when correctly rescaled, can be obtained from:
When a a lim , the derivative is not necessarily negative, but its sign now depends on the value 261 of η. However, at a distance only slightly below a lim , the derivative is negative and thus the 262 threshold stiffness of the system is that corresponding to the first node-displacing mode i.e. m = 1.
263
Hence it can be assumed without being overly conservative that if a < a lim then sequential mode 264 progression is lost, although full bracing is still achievable, as shown in Figure 5 . This is in contrast 265 to continuously-braced beams, where full bracing capability is lost for any tension side restraint 266 (Trahair, 1979) .
267
At a point further below a lim , at a distance a NT from the shear center, the moment-stiffness 268 curve for the first node-displacing mode becomes asymptotic to the threshold moment M T . This 269 implies that, regardless of how stiff the restraints are, the beam cannot ever achieve full bracing, 270 as shown in Figure 6 . For n b = 1, the value of (a lim − a NT ) is at a maximum value of 0.048h s 271 for κ s = 0. As κ s → ∞, this difference tends to 0.02h s . For n b 2, the difference is diminished, 272 eventually converging to zero. Thus, it can again be assumed without being overly conservative 273 that providing restraints at a distance greater than |a lim | from the shear center on the tension side 274 of the cross-section leads to the beam not being able to achieve full bracing. As the restraint height and the values they assumed are outlined in Table 2 . In all, for 960 separate cases, the maximum 304 error was found to be 0.25%, with an average error of 0.06%, which can be attributed to the in Figure 9 . This guarantees that, upon integration, the area underneath a spike is equal to unity,
323
as it would be if Dirac delta functions were used; these were avoided as they cause the function 324 to be multivalued, thus leading to computational difficulties for Auto. A value of b = 0.01 was 325 decided upon; sharper distributions created problems as Auto was sometimes unable to adapt 326 the arclength for the continuation properly due to the size of the discretization used, leading to 327 discontinuities in the load-deflection plots. Table 3 presents the values assumed by the parameters 328 in the validation programme.
329
In all, there were 720 separate program runs, which comprised 2-parameter continuation studies it can also be seen how a single harmonic function is not capable of modelling the deflected shape 342 accurately, due to the inflection points. 
